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Abstract 

We investigate properties of holographic strange metals in p + 2-dimensions, 
generalizing the analysis performed in arXiv:0912.1061. The bulk spacetime is p + 
2-dimensional Lifshitz black hole, while the role of charge carriers is played by 
probe D-branes. We mainly focus on massless charge carriers, where most of the 
results can be obtained analytically. We obtain exact results for the free energy 
and calculate the entropy density, the heat capacity as well as the speed of sound 
at low temperature. We obtain the DC conductivity and DC Hall conductivity 
and find that the DC conductivity takes a universal form in the large density limit, 
while the Hall conductivity is also universal in all dimensions. We also study the 
resistivity in different limits and clarify the condition for the linear dependence on 
the temperature, which is a key feature of strange metals. We show that our results 
for the DC conductivity are consistent with those obtained via Kubo formula and 
we obtain the charge diffusion constant analytically. The corresponding properties 
of massive charge carriers are also discussed in brief. 
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1 Introduction 

One of the most interesting subjects in condensed matter physics is to understand the 
properties of strongly interacting systems of fermions, in particular, to understand the 
thermodynamic and transport properties of the "strange metal" phases of heavy fermion 
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compounds [T] and high temperature superconductors [2, 3J. The "strange metal" phases 
possess various interesting "non-Fermi hquid" features. For example, the DC resistivity 
is linear in temperature T when T is much less than the chemical potential /i [3]. On the 
other hand, the AC conductivity exhibits a non-trivial scaling behavior cr{u) ~ u~'^ with 
7^ 1 [5]. Furthermore, the Hall conductivity also becomes anomalous [6J. It is widely 
believed that to gain a better understanding of such properties requires us to go beyond 
the regime of weak coupling. 

Recently, inspired by the AdS/CFT correspondence O E], investigations on the appli- 
cations of AdS/CFT to condensed matter physics (also named as the AdS/CMT corre- 
spondence) have been accelerated enormously [9J. Since the AdS/CFT correspondence 
provides us with useful tools for understanding the dynamics of strongly coupled field 
theories in the dual weakly coupled gravity side, it may open a new window for studying 
real-world physics in the context of holography. Thus one can expect that the peculiar 
properties of "strange metals" can be well understood via the AdS/CFT correspondence. 

One class of such holographic models of strange metals were proposed in [T H [T2 | [T3 | HI] . 
In such models the dual bulk spacetime was described by an extremal RN-AdS4 black hole, 
whose near horizon geometry contains an AdS2 part. It was shown that the low energy 
behavior of these non- Fermi liquids was controlled by the near horizon IR fixed point. 
Examples whose single-particle spectral function and transport behavior resembling those 
of strange metals were found within this class of models. 

Recently a complementary approach was proposed in [15j, where they considered a bulk 
gravitational background which was dual to a neutral Lifshitz-invariant quantum critical 
theory, while the gapped probe charge carriers were described by D-branes. The non- 
Fermi liquid scalings, such as linear resistivity, observed in strange metal regimes can be 
realized by choosing the dynamical critical exponent z appropriately. They also outlined 
three distinct string theory realizations of Lifshitz geometries. Similar investigations on 
charged dilaton black holes were carried out in |16l |T7], where strange metallic behavior 
was found by properly fixing the parameters of the bulk gravity theory. 

In this paper we will study properties of holographic strange metals by employing the 
approach proposed in [15] . The bulk theory is chosen to be a p + 2-dimensional asymp- 
totically Lifshitz black hole, while the charge carriers are still represented by probe Dg- 
branes. For a practical application in condensed matter physics, the value of p is fixed. 
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For example, one should set p = 2 to study the (2 + l)-dimensional layered systems. 
However, our physical spacetime may be higher dimensional with extra dimensions, and 
more spacetime dimensions might be holographically generated when extra adjoint fields 
are involved. Therefore, it is of interest to consider generalizations to various dimensions 
and try to find the universal behavior. 

We shall consider both massless and massive charge carriers. In the language of D-brane 
physics, the massive case is related to a non-trivial embedding profile of the probe D-brane 
into bulk spacetime. We mainly focus on the calculations of massless charge carriers and 
we will give some remarks on the massive case. We find that for massless charge carriers, 
the chemical potential /i and the free energy fl can be obtained analytically. Therefore 
one can work out other thermodynamic quantities by standard procedures. It turns out 
that at low temperature, the specific heat behaves like oc T^^/^/d, where z is the 
dynamical component and d is related to the charge density. It can resemble a gas of 
free bosons, fermions or new types of holographic quantum liquids by fixing the values 
of z and p. The speed of sound at low temperature is given by z/p. We calculate the 
DC conductivity and DC Hall conductivity by introducing corresponding U{1) gauge 
fields on the worldvolume of the probe D-branes. In the large charge density limit, the 
expression for the DC conductivity is the same as the four- dimensional counterpart, while 
it becomes p-dependent in the vanishing charge density limit. On the contrary, the DC 
Hall conductivity exhibits universal behavior in general p + 2-dimensions. Therefore the 
linear dependence of temperature T for the resistivity, which is a common feature of 
strange metals, can be realized by adjusting parameters in the theory. We re-obtain the 
DC conductivity by using the result derived from Kubo formula, which proves consistency 
of the two approaches. We also obtain analytic results for the charge diffusion constant 
of massless charge carriers by using a generalized version of the formula derived from the 
membrane paradigm. The properties of massive charge carriers are also discussed in brief. 

The rest of the paper is organized as follows. The general setup will be illustrated in 
section 2 and the thermodynamics of massless charge carriers will be discussed in section 
3. In section 4 we will calculate the DC conductivity and Hall conductivity in general 
p + 2-dimensions and discuss various limits of the resistivity . We will re-obtain the DC 
conductivity by Kubo formula and the charge diffusion constant in section 5. Remarks 
on massive charge carriers are given in section 6. Finally, summary and discussion are 
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presented in section 7. 



2 The Setup 

Consider the following ten-dimensional bulk spacetime, 

ds^ = L^[-r''f{r)dt^ + + r^dxl] + L^dQl_,^, (2.1) 

where the metric of S^~^ is given by 

dQl_^ = de^ + cos^ edQl + sin^ edQ^j_p_^. (2.2) 

The non-spherical part of this metric is a p -|- 2-dimensional asymptotically Lifshitz black 
hole with p > 2, whose temperature is given by 

(2.3) 

where r+ denotes the radial position of the horizon. The parameter A is determined by 
the explicit form of the function /(r). 

When /(r) = 1, this part of the metric possesses the following anisotropic scaling sym- 
metry, 

t \H, f ^ Ax, r ^ ^. (2.4) 

A 

Such backgrounds can be considered as the gravity duals of Lifshitz fixed points, which was 
initially constructed in [IB]. Asymptotically Lifshitz black hole solutions were investigated 
in [19] and [20]. The relations between Lifshitz black holes and heavy fermion metals were 
discussed in [21]. It should be emphasized that some of the analytic solutions involve a 
non-trivial dilaton even at zero temperature, which breaks the scaling symmetry of Lifshitz 
spacetime. Lifshitz spacetimes in string theory with unconventional scaling symmetry 
were extensively studied in [22j. Since three distinct approaches for realizing Lifshitz 
geometries in string theory were proposed in [T^, we may make the above mentioned 
ansatz in ten-dimensional spacetime and consider D-brane probes in such backgrounds. 

We assume that the probe Dg-brane extends all the spacial directions and wraps the S'" 
part inside 5*^"^, which leads to q = p + n+1. The dynamics of the Dg-brane is described 
by the following DBI action (neglecting the Wess-Zumino term) 

^ -T, j **<f..S^„e-V-det(.. + 2.a.'F.). (2.5) 



where Tg denotes the tension of the Dg-brane, Tg = l/{{2nygsi^~^^). gab and Fab are the 
induced metric and the U{1) gauge field strength on the worldvolume of the Dg-brane. 
The scahng symmetry of Lifshitz geometry requires that the dilaton should be constant, 
(f) = (pQ, thus we can arrive at the effective action 

Sg = -TefT j dtdr(Fx\/-det{gab + 27ia'Fab), (2.6) 

where Tes is given by 

reff = T,L"Vol(5'^)e-'^«. 

However, as pointed out in incorporating a non-trivial dilaton might be helpful to 
realistic model-building. So here we will also discuss the situation with non-trivial dilaton, 
whose effective action turns out to be 

Sg = -fes j dtdr<Fxe-^^J-dei{gab + 27ra'Fab), (2.7) 

where 

feff =T,L"Vol(^"). 

In the following sections we will mainly focus on the details for massless charge carriers, 
both with trivial and non-trivial dilaton. Remarks on the corresponding properties for 
massive charge carriers will be given in section 6. For simplicity, we will set L = 1 in the 
following and restore the factor of L in the final results for the physical quantities, such 
as the conductivity, by dimensional analysis. 



3 Thermodynamics of massless charge carriers 

We discuss the thermodynamics of massless charge carriers at finite charge density in this 
section. As claimed in [23] , once a non- vanishing worldvolume gauge field strength F^r is 
turned on, only black hole embeddings are physically allowed. That is, the internal S"" 
of the probe Dg-brane never collapse to zero volume and the Dg-brane extends to, and 
intersects the horizon. However, in pH |25] it was argued that Minkowski embeddings 
were physical and should be considered, due to the fact that the black hole configurations 
cannot realize chemical potential below a critical value. Later, this problem was resolved 
in [26] by including Minkowski branes with a constant Aq. 
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In this section we will divide both sides of (12. 6p and (12. 7p by the volume of M^'^, working 
with action densities. We also turn on the time component of the worldvolume gauge 
field Aq and absorb the factor of 2iTa' into Aq for simplicity. Then the DBI action can be 
expressed as 



= -Teff j drrP^Jr^-^'^ - A'l (3.1) 

By defining the charge density 
the solution for A'q is given by 

^ (3 3) 

where (i = p/Tes- 

In the grand-canonical ensemble, the free energy density f2 is given by minus the on-shell 
value of the action. After plugging in the solution for A'q we obtain 

The divergence can be regulated by background subtraction or local counterterms. The 
chemical potential p in the grand-canonical ensemble is determined by Aq{oo). Notice 
that y4o(r+) = 0, so the chemical potential is given by 

/■oo 

/i= / A'^dr. (3.5) 

J r-i- 

It can be seen that our expressions above reduce to those derived in [27] when z = 1. 

It was observed in [26] that such integrals can be worked out in terms of Beta functions 
and incomplete Beta functions, whose definitions are given as follows 

5(a, 6) = IM£(^ = [' dt{l-tf-H^-^ = r du{l + u)-^''+'^u''-\ (3.6) 
r(a + 0) Jo Jo 

px /•x/{l—x) 

B{x;a,b)= / {l-tY-H''-^= / du{l + u)-^''+^\''-\ (3.7) 

Jo Jo 

Therefore one can arrive at the analytic expressions for the free energy and the chemical 
potential 



2p+z 2p 

where the following formulae have been used 

B{x; a, b) = a~'^x''2Fi[a, 1 - 6; a + 1; x], (3.10) 



2Fi[a,6;c;a;] = (1 - a;)-"2Fi[a, c - 6; c; -^]. (3.11) 
The parameters /iq and fio in (13. 8 p and (13. 9p are zero-temperature values, given by 

(z+p)«(p)p/^ " ^ ^ 

One can check that these results are in agreement with those obtained in [28] when z = 1. 

Next we calculate the thermodynamic quantities in the grand-canonical ensemble. It 
should be pointed out that the term Qct in (13. 9p stands for the contribution from the 
counterterms in the spirit of holographic renormalization. As was observed in [28], flct is 
independent of the density. Since we do not have a well-established holographic renor- 
malization scheme for probe D-branes in Lifshitz backgrounds, we assume that here the 
contribution from the counterterms is still independent of the density. We shall focus on 
the density- dependent part of the free energy AQ = Q — Q^t- Notice that at low temper- 
ature, both (13. 8p and (13.90 can be expanded as series in T/ fiQ <^ 1. The charge density is 

Tesd, (3.14) 



which provides a consistency check. One then computes the entropy density s{n,T) in 
the grand-canonical ensemble 

,(,,T) = -(^),. = 1^ + l£|(l^)-*/^T*A. (3.15) 

where the first term gives the entropy density at zero temperature. Finally, the specific 
heat at low temperature is given by 

cv = = ^(I^)^-V.tV^ (3.16) 



One can find agreement with the results obtained in [28] once again in the z = 1 case. 

One may compare the specific heat cy in fl3.16p to that of a gas of free bosons or fermions. 
As is well known, the low-temperature specific heat for a gas of free bosons is proportional 
to T^, while the low-temperature specific heat for a gas fermions is proportional to T for 
any p. Therefore our result indicates that when z = 2, the behavior of the specific heat 
looks like a gas of free bosons. On the other hand, it resembles a gas of fermions when 
z = 2p. Finally, it may be regarded as a new type of quantum liquid in other cases. 

Another interesting quantity is the speed of sound at low temperature. In this limit the 
pressure is given by 

p = -n, = - — (3.17) 



The energy density is 



^ = "° + ^°^= (. + p)a(p)^A ^° • ^'-^'^ 



One can easily find that e = {j)lz)P. Thus the speed of sound is determined by 

= ^ = -• (3.19) 

de p 

Note that an upper bound on the speed of sound was proposed in [29l [30], which gives 
< 1/3 in five-dimensional bulk spacetime. Then such a bound might be violated in 
five dimensions, i.e. p = 3, when z > 1. However, it is believed that such a bound always 
holds at high temperature. Therefore the violation of this bound with z > 1 may not be 
seen as a contradiction. 

When a non-trivial dilaton field, which behaves as e~'^ oc r*^, is incorporated, the charge 
density, chemical potential and on-shell action turn out to be 

P=TJr- ;! . ° .> > (3-20) 



5A'q ^r2--2 - A, 



dv^ 1 

/i= / A'ocir- / =dr, (3.21) 

^j.2{p+K) (p 



^] ~ feff / , , dr, (3.22) 
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where feg = TqL"'Vol{S") and d = p/fcs- It can be seen that all the thermodynamic 
quantities in the presence of a non-trivial dilaton can be obtained by simply replacing p 
by p + K in the expressions for those with a constant dilaton. 

In particular, the specific heat becomes 



cv 



rp2{p+.)/z_ (3.23) 



Therefore the specific heat scales as a gas of free bosons when z = 2{p + K,)/p and as a 
gas of fermions when z = 2{p + k) . It may be regarded as a new type of quantum liquid 
for other cases. The speed of sound is given by 

cl = (3.24) 

" p+K ^ ^ 

Thus the upper bound proposed in [291 EO] can be saturated by setting z = {p + k)/3 in 
five dimensions. 



4 Conductivity and resistivity 

We calculate the DC conductivity, DC Hall conductivity and resistivity in this section, 
following the method proposed in [31] and [32]. We find that in the large charge density 
limit, the DC conductivity exhibits certain universal behavior, independent of the space- 
time dimension. On the other hand, the DC Hall conductivity always takes the same form 
as the four- dimensional counterpart. Finally, we obtain the resistivity in different limits 
and figure out the requirements of linear dependence on the temperature T. 

4.1 DC conductivity 

Generally speaking, there are two different ways for calculating DC conductivity in flavor 
brane systems. One is the traditional way, that is, to obtain the conductivity via Kubo 
formula. The other elegant way, which was proposed in [3T], is more efficient for flavor 
brane systems. The main strategy is to turn on an electric field E = Ftx on the D- 
brane probe and compute the corresponding current in the boundary theory. Then 
the conductivity can be read off from Ohm's law = aE. 
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We will calculate the DC conductivity by applying the second method in this section and 
present discussions on the first method in the next section. To make comparison with jl5j . 
we take the following coordinate transformation before performing the calculations 

v = -, v+ = —. 4.1 

r r+ 

Then the metric of the (p + 2)-dimensional Lifshitz black hole becomes(setting L = 1) 

f(v) , n dv'^ 1 

y2z y2j(^y'^ y2 P 



, 9 f{v) , 9 dv"^ 1 ,^9 

ds^ = -A^dt^ + — — + —dxl (4.2) 



and the temperature is given by 

T = (4.3) 
After taking the ansatz for the worldvolume gauge field 

A = Ao{v)dt + {-Et + h{v))dx, (4.4) 
the effective action (12.61) becomes 



Sq = -Teff J dtdvd^xgj sJ-gttgvvQxx - {2Txa' f{g^^E'^ + g^xA'^ + guh'"^)- (4.5) 
Note that the action contains only and h'{v), which leads to two conserved quantities 

n A' 

C = ^° (4.6) 

v QttQvvQxx 

p-i 

H = - ^ (4.7) 

v QttQvvQxx 

It can be observed that 

Qtth'C = g.^A'^H. (4.8) 



By combining (14. 6p . (14. 7p and (14.81) . we can arrive at the following expression for A[ 





j['2 _ C^QttQvv QttQxx + {27Ta'^E^) ^^^^ 

° Qxx gttgxx + i2'7Ta'y{C^gtt + Qxx ) 

which results in the asymptotic behavior for Aq near the boundary f — t- 

C 1 

Ao = fi r^ + ---' for z^p, (4.10) 
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or 

Ao = /i + Clog^ + --- , for z = p, (4.11) 

where n denotes the chemical potential and A stands for the UV cutoff. In the meantime, 
the asymptotic behavior of h{v) is given by 

where we can set ho = 0. 

After substituting (14. 8 p and (14.91) back into (14. 5p . the effective action becomes 

= -T^s dtdvdPxg^cx^ V-9ttgvv\ p , ,^ — ^^77^^ —fr^ r- 4.13 

As pointed out in [31], both the numerator and the denominator of the term inside the 
square root of (I4.13P change sign between the horizon v = and the boundary f = 0. 
Therefore in order to ensure the reality of the on-shell action, the sign change must appear 
at the same radial position < < 

gugxx + {27^a'fE\^^^=Q, (4.14) 



gugl, + {2Tia'f{C^gu + ^^'fc)L=,, = 0. (4.15) 
From (I4.14P we can obtain 

f{v.) = {2'na'fE\f+\ (4.16) 

Finally, by substituting (I4.16P into (I4.15P and making the following identifications for the 
currents 

J* = (27ra')^reffC, r = {2Txa'fT^QH, (4.17) 
we can read off the conductivity 

a = ^ {27rarr^^i-yp~^ + (-^)^(J*)M (4.18) 

from Ohm's law, where we have restored the factor of L by dimensional analysis. Notice 
that the right hand side of (I4.18P is still written as the mean square root of two terms, 
which is similar to the result for general Dp/Dg systems in [31]. The first term may 
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be interpreted as contribution from thermally produced pairs of charge carriers, which 
is expected to be Boltzmann suppressed when the mass of the charge carriers becomes 
large. The second term is independent of the spacetime dimension. Furthermore, (14.181) 
reduces to the four-dimensional result obtained in [15] when p = 2. 

When a non-trivial dilaton is introduced, the effective action becomes 



£-1 



-S", = -Tcff J dtdvdFxe "^g^i \j -gttgvvQxx - {27Ta'y{g^yE^ + g^xA'^ + gtth''^)- (4.19) 

The corresponding two conserved quantities are given by 

p+i 

p-<l>n 2 A' 

C = ° (4.20) 

y-gttgvvgxx - {2Txa'Y{g^^E'^ + g^xA'^ + gtih'"^) 

n = - ^ ^-'aifauh' ^^ 21) 

\/-9tt9vvgxx - {2Tca'y{gyyE^ + g^x^Q + gtth'^) 
Now the on-shell action turns out to be 



2p-l 



Sq = -rcs I dtdvdFxe '^'^gxx V-9tt9vv\l /**,^7o"^ a2"/-^2 ^ , u2 V- (^-22) 



e-'^gu9'xx + {2na'nC^gu + H^g^ 
Finally we can obtain the DC conductivity in a similar way 

a = ^(27ra')%-2^*feff(-)'^-' + (-^)'(^*)'^*^ (4-23) 
which reduces to f l4.18p in the limit of = 0o- 



4.2 DC Hall conductivity 

One can also calculate the DC Hall conductivity by applying the techniques of [31]. For 
general Dp/Dq systems such analysis was carried out in [32] and the Hall conductivity in 
four-dimensional Lifshitz background was obtained in p^j. Here we extend the analysis 
to general p + 2-dimensional spacetime and we will see that the Hall conductivity exhibits 
universal behavior. 

Once we introduce a constant magnetic field on the worldvolume of the probe D-brane, 
the ansatz for the U{1) gauge field becomes 

Ao = Ao{v), A,{v,t) = -Et + f,{v), Ay{v,x)=Bx + fy{v). (4.24) 
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Then the effective action turns out to be 

= -ns j dtdvcPxg^VCF, (4.25) 

where 

GF = -gttgvvglx - (27ra')^fi'L^o " i^nafgy^g^^E'^ 
-{2'Ka'fgttgvvB'^ - {2Tia'fgttgxxU'x + fy) 

-{2T:a'YA^B^ - + 2(27: a'f A JyEB. (4.26) 

Since the action depends on the derivatives Aq, and we can obtain the following 
conserved quantities 

[-gl^A', - {2ixa'fB^A', + {2r^a'fEBfy]{VGF)-'g^ = C, (4.27) 



p-2 



-gugxxfxi^y'g^^ =H, (4.28) 



p-2 



where 



l-gttgxjy - (2W)2eV; + {27ia'fEBA',]iVGF)-'gx^ = M. (4.29) 

After solving for A'^, f'^ and fy from the above equations and plugging the solutions back 
into the effective action, we obtain 

Sq = Tes J dvgP^^y^^g^-j====, (4.30) 

e = -[{2'Ka'fE^g,, + {2na'YB'gu + gugU (4-31) 
V = -9u9lx - C^^o^'fiauC + gxx{H^ + M^)], (4.32) 



a = {27Ta'y{MEg,, - BCgu). (4.33) 

As pointed out in [32], to ensure the reality of the effective action, ^,77 and a must share 
the same zero w*. From (I4.3ip we obtain 

i2narE'vr^' 
= l + (2W)^i?M - ^'-^'^ 
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Then we can substitute (14.341) into f l4.32p and f l4.33p to solve for H and M, and make the 
following identifications for the currents 

f = {27ra)\esC, r = {2iTa)\esH, = (27ra')VefrM. (4.35) 

Finally, the conductivity tensor J* = cr'-'-E'j are given by 



1 / r ^Trn' /•tth'' 

= i^(W).^.,4 V^2"^^^'^e^^^^'^"(^ + i^ys^vt) + i^nj'y< (4.36) 

a-y = . (4.37) 

Here are several remarks on the conductivity tensor 

• a^^ reduces to the expression obtained in previous section when B = 0. 

• a^"^ does not depend on the dimension of spacetime, which is the same as that for 
general Dp/Dq systems analyzed in [32] . 

• One interesting quantity for strange metals is the ratio a^^/a^^. It has been known 
that the ratio scales as a^^/a^"^ ~ for strange metals, while a^^/a^^ ~ in 
Drude theory. It can be easily seen that 



(4.38) 

When the second term in the square root dominates and B is small, which is rel- 
evant to experimental limit, the ratio becomes a^^/a^"^ ~ f"^ ~ Thus the 
result obtained from the probe calculation mimics the Drude theory in arbitrary 
dimensions. 

When a non-trivial dilaton is introduced, the effective action becomes 

S, ^ -n, J "-V-detto. + 2™'F.). (4.39) 

The ansatz for the worldvolume gauge fields is still given by (I4.24p . Therefore the effective 
action turns out to be 

Sg = -res J dtdvdFxe-'f'gifVGF, (4.40) 
14 



where GF is still written in the form of fl4.26p . The corresponding conserved quantities 
are given by 

[-gl,A', - {2Tra'fB^A, + {27ra'fEBf^]{^)-'e-^gT = (4.41) 



-gttg..rA^r^^"^9^i =H, (4.42) 



p-2 



[-9ug.Jy - (2W)2eV; + i2na')'EBA',]{VGF)-'e-^g,S = M. (4.43) 
The on-shell effective action can be written in the following form 

Sg = feff / dve-^^gP-^y/-gttgvv /-^^ , (4-44) 

J y/^T] - 

where ^ and a are still given by f l4.3ip and fl4.33p with C, H and M replaced by C, H and 
M, while fj is slightly different from t], 

V = -gttgl^e-^^ - {27:o,'f[guC + g^H + M)]- (4.45) 
Finally the conductivity tensor is given by 



a^^ = . J(27ra0^e-2^'fJ,(-)2p-4(l + (^)2i^2^4) + ( « )2(j*)2^4 



(4.46) 



^x., ^ ^^''^'^ . (4.47) 

It can be easily seen that reduces to cr^^ when (p = (pQ and o"^^ remains invariant. 



4.3 Resistivity in different limits 

Once we have obtained the conductivity, we may investigate the behavior of the resistivity 
to see if it exhibits strange metallic behavior, that is, the resistivity has a linear dependence 
on the temperature T. Since the conductivity contains two terms inside the square root, 
it is more transparent to study the resistivity in two different limits. 

Recall that the conductivity is given by 

I J 97rn/' 
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One limit which is experimentally interesting is large J*, then the first term is subdominant 
and the conductivity turns out to be 

a = (4,48) 
Then by combining the fact that T oc 1/f ^ we can obtain 

p = — . (4.49) 

It seems that the resistivity exhibit a universal behavior in the limit of large charge 
density, that is, it is proportional to T^/^ and is independent of the spacetime dimension. 
Therefore the conductivity is of the strange metal type in all dimensions for z = 2. 

The other opposite limit is the zero density limit, which means that the first term in the 
square root dominates. Then the conductivity is given by 

a=(2W)reff(-r2_ ^4 5Q) 

When p = 2, the conductivity becomes constant, which agrees with the conclusion in [33] . 
For the p > 2 cases, the resistivity becomes 

p ^ T-'^P-^^/', (4.51) 

where we have used the fact that T ~ 1/'^^+- One can see that for p > 2, the linear 
dependence on the temperature cannot be realized for z > 0. 

When a non-trivial dilaton is incorporated, the conductivity reads 



a = ^{27ia'Ye-^^'n^{-fP-^ + [^^{Jtfvt. 

One can easily observe that the resistivity is still given by fl4.49p in the large charge density 
limit, that is, the resistivity has a linear dependence on T with 2; = 2 in all dimensions. 
When the first term dominates, we can assume that e"*^ oc 1/f'^, then 

K+p~2 

p^T —. (4.52) 

Therefore the linear dependence on the temperature can be realized by requiring z = 
— {k + p — 2). In particular, in four-dimensional spacetime with p = 2, we can arrive at 
the linear dependence as long as z = —k. 
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5 DC conductivity revisited and charge diffusion con- 
stant 

We obtained the DC conductivity in the previous section by introducing an electric field 
E on the world volume of the probe D-branes and making use of Ohm's law J = cxE. 
In some sense this approach can be seen as "macroscopic" , while the corresponding "mi- 
croscopic" approach is to calculate the conductivity via Kubo formula. A systematic 
analysis for calculating the holographic spectral functions for Dp/Dq systems at finite 
chemical potential and spatial momentum was carried out in [M], where it was found 
that the conductivity obtained via Kubo formula was in agreement with that obtained 
in the "macroscopic" approach in the vanishing electric field limit. This can be seen 
as a non-trivial check of consistency. Holographic spectral functions with non-vanishing 
electric field strength was investigated in [35j, where precise agreement was found once 
again. Furthermore, conductivity and diffusion constant for Dp/Dq systems were studied 
in [36] , generalizing the formulae derived via the membrane paradigm [S^ . In this section 
we will revisit the conductivity following |3l] and we will find that the result agrees with 
that obtained in previous section. The charge diffusion constant in such asymptotically 
Lifshitz backgrounds will also be discussed. 

5.1 Calculating DC conductivity via Kubo formula 

Consider the following fluctuations of the worldvolume gauge fleld 

Aa ^ 5,o^(r) + ee-*(-^"-«^^)A(r), (5.1) 

the DBI Lagrangian can be expanded in powers of e, 

vCdbi = Co + e£i + e'A + ■ ■ • • (5.2) 

Notice that Ci vanishes identically upon imposing the equations of motion for the back- 
ground flelds. We shall not present the detailed analysis for the fluctuations but just 
exhibit the equations of motion, 

2 00 , 2 a 

A'[ + dr log[v^7'^^7l^'^ - r ^± = 0, (5.3) 
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^'o' + dr \og[V^YV]A'o - q^iqAo + coA,) = 0, (5.4) 

A'; + dr log[v^7'^^7l^'i - ^^{qAo + coAi) = 0, (5.5) 
as well as the constraint from the gauge choice Ar = 

-a;7°°^o + qY'A = 0, (5.6) 

for details see Appendix A of [M]. Here we adopt the notations of [M] , 

Fab = daA, - d,Aa = F^^ + eF^J^ (5.7) 

7a6 = ^7afe + F^, 7'^'=(7afe)-^ (5.8) 



Notice that the equation of the transverse fluctuations A^ is decoupled from others. 
Another point is that (15. 4p . (15.51) and (15.61) are not linearly independent, as one can 
derive (15.51) by combining (15.41) and (15.61) . 

One may expect that we can perform the hydrodynamic expansions for Aa and try to solve 
the corresponding equations, then the retarded correlation functions can be obtained fol- 
lowing the standard procedure [38J. But it is quite difficult to solve the relevant equations 
for the longitudinal fluctuations indeed. However, the DC conductivity can be determined 
from the retarded correlation function of the transverse modes via Kubo formula 

a = Iimlm-G^(w,g = 0). (5.9) 

aj-s>0 ijj 

Then it is sufficient to work with g = to find the conductivity, which was done for AdS 
case in [21]. Under this condition the equation of motion for A^ can be simplified as 

^1 + dr log[v/^7^"7l^l - = 0, (5.10) 

which allows us to find analytic solutions in the hydrodynamic expansions. For general 
Dp/Dg systems the final result was given in [3^ 

^ = ArV-77°V^7l,^,^, (5.11) 

where M = (27ra')^rofj and th denotes the horizon. Notice that we have absorbed the 
constant dilaton into A/". 
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For our specific model, the components of "fat are given by 

/(^) _ 1 _ _ 1 

7oo — fl'oo — ^) Ivv — o „/ N , In — gu — —5-, 

V V j[v) V 

n ' A' 00 'yvv 700 /r- -ION 

7o„ = -27ra Aq, 7 = ^ — ^, 7^^ = ^ — ^. (5.12) 

7oo7™ + lov loolvv + 7to 



One can obtain the following result for A'q by setting E = H = {] m (14. 6p . 

./2 _ '^^7oo7t.i. /p. . ox 

la + (27ra')^C'^ 

Finally by combining (IS.lip . (I5.12p and (I5.13p . we can arrive at 



a= J(2vr«0VJ,(^)2p-4+(^)2(j*)2^4^ (5.14) 

where we have used the relation J* = (27ra')^reffC. One can compare this result with (I4.18p . 
From (I4.14P we can see that in the limit of -E — > 0, f* — )■ 1;+. Then (I5.14p is in agreement 
of (I4.18p . which also provides a non-trivial check of consistency. Furthermore, in the zero 
density limit J* — )■ 0, the conductivity is given by 

TP~2 

a = r,ff(2W)2— 2 , (5.15) 



which agrees with the result obtained in 
When a non-trivial dilaton is considered, the conductivity can be written as 



a 



Are-V-77°V"7'"L^„^, (5.16) 



where J\f = {2na'yTes. Now the solution for A'q is given by 



e-2<A7f. + (27raO'C'2- ^ ^ 



Then the conductivity reads 



a = Je-2<^+(27ra')^r2g(— )2p-4 + (__)2( jt)2^4 ^ (5.I8) 

which agrees with (14.231) once again in the limit of -E — > 0. Notice that (I5.18P reduces 
to (I5.14P when the dilaton becomes trivial = 0o- 
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5.2 Charge diffusion constant 



Generally speaking, the charge diffusion constant can be read off from the denominator 
of the tt-component of the longitudinal correlator. However, since it is quite difficult 
to solve the equations of motion for longitudinal fluctuations, even in the hydrodynamic 
expansions, we cannot expect that the charge diffusion constant can be obtained in that 
way. An alternative formula for estimating the charge diffusion constant was derived 
in [37] from the membrane paradigm. Such a formula was generalized to Dp/Dg systems 
in [36] by considering the equation of motion for the gauge invariant perturbations = 
qAo + uAi. At zero baryon density the corresponding equation of motion is 

Ei! + dr log[ ^ J ]E'. - E\\ = 0. (5.19) 

Assuming a dispersion relation of the form u = —iDq^ + ■ ■ ■ , the natural hydrodynamic 
scaling is given by w — X^u, q — )■ Xq. Then the near horizon expansion can be written as 



^11 (r) = F(r)-^ iEi;;l^ + X'eI^^^ + ..■) = i^^J"^ + A^E.f ^ + • • • (5.20) 

where F{r) = (r — r//)Fi.cg(r) and the subscript "reg" stands for the regular part of the 
corresponding function. The solution at lowest order is given by 

= 1 - ^Co^ r ^.,on.,.. , Co = -le''V^l''rF'\. (5.21) 



Notice that the retarded correlation function Gjj^ ~ limr^^s -E'||(r)/£'||(rB) where de- 
notes the boundary. Then the dispersion relation comes from requiring E\\{rB) = 0. 
Finally the charge diffusion constant is determined as 



which reduces to the one in [3^ when Aq = 0. The charge diffusion constant for massive 
charge carriers at finite baryon density is more complicated [36]. However, for massless 
charge carriers at finite density the charge diffusion constant is still given by fl5.22p . 

Let us return to our concrete example. Since the integral in f l5.22p involves the dilaton 
and we do not give its explicit form, we consider the trivial dilaton case instead. After 
substituting f l5.12p and (15.130 into (15.220 . we can obtain 



= ip-z)vl-' r + ^^^^ '-^^'^^^ 2' 2 - 2^' ^ ]• ^'-^'^ 
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It can be seen that the above result reduces to the one obtained in |10] when the charge 
density parameter C = 0. Another point is that the charge diffusion constant becomes 
divergent when z = p, which was also observed in [40j for zero density case. As a check 
of consistency, we can choose one specific example z = l,p = 3 and (15.231) becomes 

Do = ^Vl + d^2F^[l,l-,^-,-d% d = 27:a'Cvl/L\ (5.24) 

which agrees with the result for D3/D7 in [4T] . 

One may wonder if the Einstein relation still holds for our system. The charge suscepti- 
bility is determined by 

X = (5.25) 
where nq = SSg/SA'Q is the charge density and fi denotes the chemical potential. Then 

X={ P^dr)-\ (5.26) 

It has been observed in [36] that for massless charge carriers the charge susceptibility has 
a simple form 

^=-^(/ ,-,v^.oo,,.. rfr)~\ (5.27) 

Therefore by combining (15.22^ and (15.27^ . we can conclude that the Einstein relation 
Dq = (y/x holds for massless charge carriers. 



6 Remarks on massive charge carriers 

In this section we will give some remarks on the properties of massive charge carriers. In 
general, the properties for massive charge carriers exhibit qualitatively similar behavior 
as their massless counterparts, so we will just present the main results in brief. 

6.1 Thermodynamics 

For massive charge carriers the embedding profile of the probe Dg-brane is described by 
a non-trivial function d{r). Then the induced metric on the Dg-brane is given by 

ds\ = -r^'f{r)de + + e{ry^)dr^ + r^dfj. (6.1) 
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The effective action talces the following form for the trivial dilaton case 



Similarly the solution for Aq is 



j drrP cos" ^■yr2--2 + r^f{r)9'-^ - A'^. (6.2) 



where d = p/t^s and p = 6Cg/6A'Q. It has been pointed out in [26] that the equation of 
motion for the embedding profile 6{r) is not analytically solvable except in the limit of 
zero temperature. 

We can study the free energy in canonical ensemble by performing the Legendre trans- 
formation to the action 



/°o / j.2p cc)c2n a 
dr^/r^'-^f{r) + r^f{r)e'^Jl + ^- . (6.4) 

Following [27], to investigate the low temperature behavior of the free energy we may 
perform a low-temperature expansion around r+ = 0, 

(90 

^ = ^ML.,^o + (^)L,^o--^ + ^K)- (6-5) 

After carefully evaluating the behavior of Q at the horizon and at the boundary, we can 
obtain the expansion similar to that in [27] 

Q = Qo + pr+ + 0{rl). (6.6) 

One crucial point that is different from [2^ is that the free energy contributes to the 
entropy even at zero temperature, which is the constant term given in (13.151) . Therefore 
the specific heat is dominated by the subleading term, which is similar to the cases 
discussed in 1261. For the case of a non-trivial dilaton the conclusion is similar. 



6.2 Conductivity and drag force 

By assuming the same configuration of the worldvolume gauge fields and following the 
same steps presented in section 4, we can arrive the following results for the DC conduc- 
tivity and the DC Hall conductivity for the case of a trivial dilaton 



a= ^/(27raOV2jCos2"^,(-)2p-4+(__)2(jt)2^4^ (6.7) 
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1 / 7 9TTfy' ^TTCV 

a-y = -—^^ . (6.8: 

V 2-Ka' ) ^ ^ ^* 

Notice that the quantities ^ and a are still given by f l4.3ip and f l4.33p . while the expression 
for 1] receives some modifications 

V = -9tt9L cos'" e - {2na'f[guC^ + g^H^ + M% (6.9) 
Here v^, is still determined by C,{v*) = 0. For the case of a non-trivial dilaton, 



a = ^/(27raO^e-2<^*f2gCos2"0,(-)2p-4 + (^)2(jt)2^4^ (610) 



1 / r ^Trn' '?TTn' 

= ^^^^^^^^i . (6.11) 

f_^)2 I ^2^4 ^ ^ 

In this case ^ and a still remain invariant, while fj becomes 

V = -9u9l.e-^^ cos'" - {27:a'f\guC^ + g^H^ + M')]. (6.12) 

It can be seen that the conductivity for massive charge carriers exhibits qualitatively 
similar behavior as their massless counterparts, up to a factor of cos^" 9^ in the first term 
inside the square root. Furthermore, the DC Hall conductivity remains invariant for all 
cases. Therefore the resistivity in different limits also exhibits similar behavior as the 
massless case. 

From a "microscopic" point of view, the conductivity is still given by (15. lip for the case 
of trivial dilaton or f l5.16p for the case of non-trivial dilaton, which gives 



a = ^/(27raOV2j( — )2p-4cos2n^+ + (__)2(Jt)2^4^ (6.13) 



a = J(27ra')^e-2'/'+f2^( — )2p-4cos2n^^ + ( " )2(Ji)2^4_ (g_i4) 

Vj^ Li 

We can find agreement with the "macroscopic" results in the -E — t- limit once again. 
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In the large mass limit, the relations between the conductivity and/or Hall conductivity 
and the drag force were clarified in [31] and [32]. As shown in [32J, in the large mass 
limit the fiavor excitations are expected to be described as a collection of quasiparticles, 
obeying the following equation of motion 

^ = E + t;x5-Fd,ag, (6.15) 
where v stands for the quasiparticle velocity. In the steady state dp/dt = 0, we have 



FAr^g = ^E^ + v^B^ + 2E-{vx B). (6.16) 
The thermal pair creation should be suppressed in the large mass limit, hence 

r = j'v^, jy = j\. (6.17) 

By setting xi^*) = we can obtain = \gtt\lgxx) where the first term has been suppressed 
in the large mass limit. Setting ^ = a = leads to the following results 

E^ = 7:^29iy + ^^B\ Vy = -v'^. (6.18) 
[Zna ) hi 

Thus 2E ■ {v X B) = — 2i?^f^, which determines the drag force 

-^drag = 7r~~;9xx{v*)v. (6.19) 

Zna 

One can see that this is precisely the formula for the drag force in [121 SSI SI] ■ 

One can also obtain the conductivity tensor via the drag force. By setting ^ = we can 
obtain 



Then 



. _ * . (6.21) 



g^^ 1 + {2Tia'YB^v^ 
The components of the speed are given by 



.2 



Vy = -V - 



B {2Txa'fEBvt 



E l + {2-na'fB'^vt' 
2Tia'Evl 
l + {2'Ka'yB'^vt' 



- ^^l = ^-TKZZK^.- (6-22) 
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Finally, by combining J* = J*fj and J* = a'^^Ej,i,j = x,y, one can arrive at 

2ZES^ 7*7)2 n T/ 4 

= ^Ji!^! , a'^y= J^-^''* . (6.23) 

One can check that these results agree with previous ones in the large mass limit. The 
relations between drag force and DC conductivity were discussed in [l5] and here we 
generalize it to the case of conductivity tensor. 



6.3 Charge diffusion constant 

The charge diffusion constant becomes more subtle for massive charge carriers, as studied 
in [Sn]- For completeness we just list the result here, for details see 

The charge diffusion constant for massive charge carriers with trivial dilaton is given by 

D = ^^^^ (6.24) 

where Dq is given by ( I5.22p and 

^ = Y'i^'9^^, S = ^(7^V'^/^^,^-^7'%,^) (6.25) 

with if} = sinO. \E'(o) is related to the zeroth order expansion of the fluctuation of the 
embedding profile by \E'(o) = q'^(o)- For the case of a non-trivial dilaton we just replace 
Teflf by fcfj. It can be easily seen that A = S = and D = Dq for massless charge carriers. 

The charge susceptibility also receives modifications due to the fact that ip also depends 
on Uq. For the case of non-trivial dilaton, it is given by 



X 



For the case of trivial dilaton one can replace f^s by t^s and e"*^ by e~'^°. This expression 
reduces to the one given in fl5.27p for massless charge carriers where A = S = 0. The 
Einstein relation for massive charge carriers should be checked numerically and it was 
verified to be true for D3/D7 system in 
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7 Summary and discussion 



We study several properties of holographic strange metals in this note. The dual bulk 
spacetime is p + 2-dimensional Lifshitz black holes and the role of charge carriers is played 
by probe Dg-branes. The cases of trivial dilaton and non-trivial dilaton are discussed 
respectively. We calculate the free energy density and chemical potential analytically for 
massless charge carriers, expressing the results in terms of hypergeometric functions. The 
entropy density and heat capacity at low temperature are also obtained. We find that 
the heat capacity behaves like a gas of free bosons at z = 2 and like a gas of fermions 
dX z = 2p. It may indicate a new type of quantum liquid for other cases. The speed of 
sound at low temperature is also evaluated. 

We calculate the DC conductivity and DC Hall conductivity in p + 2-dimensions, gener- 
alizing the four- dimensional results obtained in [15]. There are always two terms inside 
the square root of DC conductivity, one of which can be interpreted as describing thermal 
pair production and is suppressed in the large mass limit. The other term is proportional 
to the charge density J* and takes a universal form in all dimensions. Furthermore, the 
DC Hall conductivity also takes a universal form, which is independent of p. We discuss 
the resistivity in different limits and find that at large charge density, the resistivity is 
linear dependent on temperature when z = 2, while for the case of trivial dilaton, the 
linear dependence cannot be realized for p > 2 with 2; > at vanishing charge density. 
When a non-trivial dilaton is introduced, such a linear dependence can still be realized 
by adjusting the parameters even at p = 2. 

As a check of consistency, we apply the formulae for conductivity in [31] to our back- 
grounds. Such formulae were derived via Kubo formula then they could be seen as "mi- 
croscopic" results. We find that the "microscopic" results are in agreement with the 
"macroscopic" results obtained in section 4. We also obtain an analytic result for the 
charge diffusion constant, which agrees with the result for D3/D7 in specific limit. The 
Einstein relation explicitly holds for massless charge carriers. We also give some remarks 
on the corresponding properties of massive charge carriers. In particular, the conductivity 
tensor can be reproduced via the drag force calculations in the large mass limit. 

There are several interesting directions which are worth investigating. For massive charge 
carriers the fluctuations of the embedding profile couple to the longitudinal fluctuations of 
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the worldvolume gauge fields, which results in highly complicated differential equations. 
Recently a framework for calculating holographic Green's functions from general bilinear 
actions and fields obeying coupled differential equations in the bulk was proposed in [IHl 
W7\ . Then it would be interesting to classify the vector and scalar fluctuations and calculate 
the Green's functions for our system by employing their method. Another point is to study 
the fermionic properties of the background. In particular, it would be desirable to obtain 
the Green's functions for the fermions, following [IHl SSI E]. We expect to study such 
fascinating topics in the future. 
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